We have studied the properties of hot and dense quark matter based on the 3-flavor NambuJona-Lasinio (NJL) model as well as its Polyakov-loop extension (pNJL) with scalar-isovector and vector-isovector couplings. Provided a considerable large isospin asymmetry or isospin chemical potential, isospin splittings of constituent mass, chiral phase transition boundary, and critical point for u and d quarks can be observed for positive isovector coupling constants but are suppressed for negative ones. The quark matter symmetry energy decreases with the increasing isovector coupling constant, and is mostly enhanced in the pNJL model than in the NJL model. A positive scalarisovector coupling constant is more likely to lead to an unstable isospin asymmetric quark matter. The isovector coupling has been further found to affect particle fractions as well as the equation of state in hybrid stars. Possible effects on the isospin properties of quark matter have also been discussed if the strangeness sector is further broken among the flavor symmetry.
I. INTRODUCTION
The phase structure of quantum chromodynamics (QCD) matter in three dimensions, i.e., the temperature, the baryon chemical potential, and the isospin, is the holy grail of nuclear physics. So far great efforts have been made in understanding the QCD phase diagram at nearly zero isospin. For instance, the transition from the produced quark-gluon plasma (QGP) to hadronic matter at the top energy of the Relativistic Heavy Ion Collider (RHIC) or at the Large Hadron Collider (LHC) is a smooth crossover at nearly zero baryon and isospin chemical potential based on Lattice QCD (LQCD) studies [1] [2] [3] . Although LQCD suffers from the fermion sign problem [4] [5] [6] at finite baryon chemical potential, the hadron-quark phase transition can be a first-order one at large baryon chemical potentials based on studies from phenomenological theoretical models, e.g., the NambuJona-Lasinio (NJL) model and its extensions [7] [8] [9] [10] . To further explore the QCD phase structure and search for the signal of the critical point between the crossover and the first-order transition, experimental programs such as the Beam-Energy Scan (BES) at RHIC and the Compressed Baryonic Matter (CBM) at Facilities for Antiproton and Ion Research (FAIR) were proposed. However, using neutron-rich heavy-ion beams, the isospin degree of freedom is expected to be increasingly important at lower collision energies with larger net baryon densities. The different interactions for u quark and d quark in baryon-rich isospin asymmetric quark matter consisting of different net numbers of u and d quarks can lead to * corresponding author: xujun@sinap.ac.cn isospin-dependent dynamics in the QGP. In addition, the phase boundary as well as the critical point extracted from these experiments are actually those at finite isospin in the 3-dimensional QCD phase diagram, since the whole system is a globally neutron-rich or d-quark-rich one.
The isospin physics has been in fact a hot topic in lowenergy nuclear physics as well as nuclear astrophysics in the past 15 years, and the nuclear symmetry energy, the energy excess for neutron-rich system comparing with isospin symmetric one, is important in understanding various phenomena in finite nuclei, nuclear reactions, and compact stars [11] [12] [13] [14] [15] [16] [17] . Generally, a larger symmetry energy leads to a repulsive (attractive) potential for particles with negative (positive) isospin, and a stiffer equation of state (EOS) for isospin asymmetric matter. Besides the interesting isospin dynamics at RHIC-BES and FAIR-CBM and isospin dependent QCD phase diagram mentioned above, the quark matter symmetry energy, the EOS of the isospin asymmetric quark matter, and their temperature dependence are also interesting topics. The EOS of hot quark matter is the main ingredient for hydrodynamic calculation of the QGP evolution, while that of cold quark matter is important in understanding the properties of quark stars or hybrid stars, which is probably related to the recently observed massive compact stars, e.g., PSR J1614-2230 with M = (1.97 ± 0.04)M ⊙ [18] and PSR J0348+0432 with M = (2.01 ± 0.04)M ⊙ [19] . With the increasing temperature or density in heavy-ion systems or compact stars, strangeness can also be abundantly produced, and the isospin dependence of the system is often coupled with the strangeness sector.
In the present study, we explore the properties of isospin asymmetric quark matter based on a 3-flavor NJL model, which can successfully interpret the dynamics of spontaneous breaking of chiral symmetry in vacuum and its restoration at high temperatures and baryon chemical potentials, together with its Polyakov-loop extension (pNJL) which can describe the deconfinement phase transition. In order to study the isospin physics of quark matter, we break the SU(3) symmetry of the 3-flavor NJL Lagrangian by introducing the scalar-isovector and vector-isovector couplings [20] , corresponding to different extent of isospin symmetry breaking in the scalar and vector channels. We will see that the isospin vector couplings may have dramatic effects on the isospin dependence of the QCD phase diagram at large isospin chemical potential as well as the quark matter symmetry energy. We have also explored the possible effects on the isospin dependence of the results if the strangeness sector is further broken among the flavor symmetry.
This paper is organized as follows. In Sec. II, we briefly review the formulism of the 3-flavor NJL model and pNJL model with isovector couplings. The effects of the isovector couplings on the phase diagram of isospin asymmetric quark matter and the quark matter symmetry energy are discussed in Secs. III and IV, and the properties of hybrid stars are discussed in Sec. V. The possible effects from further breaking of the strangeness sector on the obtained results are discussed in Sec. VI. A summary is given in Sec. VII.
II. THEORETICAL MODEL
By introducing the scalar-isovector coupling and the vector-isovector coupling, the Lagrangian of the 3-flavor NJL model can be written as
where q denotes the quark fields with three flavors, i.e., u, d, and s, and three colors;m = diag(m u , m d , m s ) is the current quark mass matrix in flavor space; λ a are the flavor SU(3) Gell-Mann matrices with λ 0 = 2/3I; G S and G V are the strength of the scalar and vector coupling, respectively; and the K term represents the six-point Kobayashi-Maskawa-t'Hooft (KMT) interaction that breaks the axial U (1) A symmetry. Since the Gell-Mann matrics with a = 1 ∼ 3 are identical to the Pauli matrics in u and d space, the last two terms represent the scalar-isovector and vector-isovector coupling breaking the SU(3) asymmetry while keeping the isospin symmetry, with G IS and G IV the corresponding coupling strength. In the present study, we employ the parameters m u = m d = 3.6 MeV, m s = 87 MeV, G S Λ 2 = 3.6, KΛ 5 = 8.9, and the cutoff value in the momentum integral Λ = 750 MeV given in Refs. [10, 21, 22] . G V is set to 0 in the present study.
In the mean-field approximation, quarks can be taken as quasiparticles with constituent mass M i given by the gap equation as (2) where σ i =<q i q i > stands for the quark condensate with (i, j, k) being any permutation of (u, d, s), and τ 3i is the isospin quantum number of quark, i.e., τ 3u = 1, τ 3d = −1, and τ 3s = 0. As shown in Eq. (2), σ d and σ s contribute to the u quark mass through the KMT interaction as well as the scalar-isovector coupling, called the flavor mixing [23, 24] in the constituent quark mass. The constituent quark mass M i in vacuum is much larger than the current quark mass m i , representing the spontaneous chiral symmetry breaking, while at high densities and/or temperatures M i becomes approximately the same as m i , representing the chiral symmetry restoration. In this way, the quark condensate or the constituent quark mass can serve as an order parameter for chiral phase transition. In the present study, the approximate chiral phase transition boundary is taken as where the light quark condensate is half of that in vacuum [8] .
From the mean-field approximation and some algebras based on the finite-temperature field theory, the thermodynamic potential Ω NJL of quark matter at finite temperature and quark chemical potential can be expressed as
In the above, the factor 2N c represents the spin and color degeneracy, β = 1/T represents the temperature, ρ i is the net quark number density of flavor i (i = u, d, s), and E i (p) = p 2 + M 2 i is the single quark energy. The effective chemical potentialμ i is defined as
with the flavor mixing inμ i similar to that in the constituent quark mass (Eq. (2)). The quark condensate can be expressed as
where
are respectively the Fermi distribution functions of quarks and antiquarks. The net quark number density of the flavor i can be calculated from f i andf i via
The above equations are solved self-consistently to obtain the quark matter properties at a given quark chemical potential and temperature. The 3-flavor NJL model briefly reviewed above is effective in describing chiral phase transition but fails to get a deconfinement transition. The Polyakov loop, which was inspired by the strong-coupling analyses [25] [26] [27] [28] , has later been incorporated into the NJL model [29, 30] in order to compensate effectively the gluon contribution, and it can serve as an order parameter for deconfinement phase transition [29, 31] .
The thermodynamic potential Ω pNJL of the 3-flavor pNJL model at finite temperature and quark chemical potential can be expressed as
where the form of the temperature-dependent effective potential U(Φ,Φ, T ) as a function of the Polyakov loop Φ andΦ is taken from Ref. [8] as
The parameters a = 664 MeV and b = 0.015Λ 3 are determined by the condition that the first-order phase transition in the pure gluodynamics takes place at T = 270 MeV, and the simultaneous crossover of chiral restoration and deconfinement phase transition occurs around T ≈ 200 MeV [8] . The second integral in Eq. (9) is finite thus without the ultraviolet cutoff, different from the NJL model. In order to get the minimum of the thermodynamic potential Ω pNJL , the following five equations are solved
leading to the values of σ u , σ d , σ s , Φ, andΦ in the pNJL model. The approximate deconfinement phase transition boundary is taken as where the Polyakov loop Φ is equal to 1/2 [8] .
Starting from the thermodynamic potential, the energy density of the system can be obtained from the thermodynamical relation
Accordingly, the energy density from the NJL model can be written as
In the above expression, ε 0 is introduced to ensure ε NJL = 0 in vacuum. Similarly, the energy density from the pNJL model can be expressed as
are the effective phase-space distribution functions for quarks and antiquarks in the pNJL model with ξ i = e (Ei−μi)/T and ξ ′ i = e (Ei+μi)/T . One expects that the different effective phase-space distribution functions for quarks and antiquarks in the pNJL model may lead to different temperature effects on the thermodynamical quantities from the NJL model. The pressure for cold quark matter can be calculated from
which will be used in the study of compact stars.
III. ISOSPIN DEPENDENCE OF PHASE DIAGRAM
Most of our knowledge on the QCD phase diagram are restricted to zero isospin chemical potential µ I = 0. In relativistic heavy-ion collisions using neutron-rich nucleus beams, the hadron-quark phase transition is related to the phase diagram at nonzero µ I or isospin asymmetry δ. In terms of different chemical potential µ u for u quarks and µ d for d quarks, the baryon chemical potential µ B and the isospin chemical potential µ I can be expressed respectively as
The isospin asymmetry δ in the quark phase can be defined as [32] 
where the ρ u and ρ d are the net quark number densities for u and d quarks, respectively. The above definitions of the isospin chemical potential µ I and the isospin asymmetry δ can be consistently related to those in nuclear matter
with µ n and µ p being the neutron and proton chemical potentials and ρ n and ρ p the corresponding number densities. By assuming that the ratio of electric/baryon charge, or equivalently the isospin asymmetry δ if the net strange quark number is zero, is conserved in relativistic heavy-ion collisions, the isospin asymmetry in the quark phase produced in central Au+Au collisions is thus
with N = 118 and Z = 79 being the neutron and proton numbers for Au nucleus, respectively. Due to the larger degeneracy of quarks than nucleons, the isospin chemical potential is much smaller in the quark phase than in the nucleon phase at the same isospin asymmetry, especially at lower temperatures. Similar to Refs. [23, 24, 33] , we will study the QCD phase diagram at a fixed isospin chemical potential µ I = −30 MeV in addition to that at a fixed isospin asymmetry δ = 0.198 in the following, while the net strange quark density ρ s is assumed to be zero in both cases. We must note here that an isospin chemical potential as large as µ I = −30 MeV can not be reached so far in heavy-ion experiments according to our best knowledge, but it is always of theoretical interest to explore the QCD phase diagram at larger µ I . We will also discuss the influence of the scalar-isovector and vectorisovector interactions on the isospin dependence of the QCD phase diagram. For the ease of discussions, we define R IS = G IS /G S and R IV = G IV /G S as the reduced strength of the scalar-isovector and vector-isovector coupling. Since the NJL model can be considered as an effective field theory, R IS and R IV are treated as free parameters in the following studies. We begin our discussion with the phase diagram from the 3-flavor NJL model. Figure 1 displays the phase diagram in the µ − T plane for various isovector coupling constants at a fixed isospin asymmetry or isospin chemical potential, and with zero net strange quark density. The left panels represent the phase diagram at the isospin asymmetry δ = 0.198, and the critical point for the chiral phase transition is (µ = 354 MeV, T = 45 MeV), representing the transition of the light quark condensate from a smooth change to a sudden jump at the phase boundary. It is seen that the QCD phase diagram is almost insensitive to the isovector couplings, as a result of the small isospin asymmetry or isospin chemical potential reached in Au+Au collisions. At a larger isospin chemical potential µ I = −30 MeV without isovector couplings (Panel (b)), the chiral phase transitions of u quark and d quark still share the similar boundary and the critical point, as a result of the flavor-mixing effect due to the six-point interaction which refers to the axial U (1) A symmetry anomaly [23] . With the increasing scalarisovector coupling constant, the phase boundaries as well as the critical points of u and d quarks become to separate and their difference reaches the maximum around
, where the temperatures of the two critical points are also lower compared to the case without isovector couplings. The isospin splitting of the u and d quark chiral phase transition has also been observed in Refs. [23, 24, 33] . Further increase of R IS leads to a negative d quark constituent mass near the phase boundary and will be discussed later. We find that for negative values of R IS there is no separation of the u and d quark chiral phase transition and the critical point is similar to that without isovector couplings. We further display the effects of the vector-isovector coupling on the phase diagram in Panel (f), and observe similar effects as those from the scalar-isovector coupling, i.e., the isospin splitting of the chiral phase transition boundary is observed for positive R IV , while for negative R IV the phase diagram is the same as that without isovector couplings. For R IV larger than 0.5, the d quark chemical potential near the phase boundary is comparable to the cutoff value Λ in the momentum integral, i.e., leading to the invalidity of the model. For positive R IS or R IV , it is also observed that the critical point for d quarks is always at a slightly smaller chemical potential compared with that for u quarks. To understand the phase diagrams in Fig. 1 , we show in Fig. 2 the reduced light quark condensate (upper panels) and the corresponding constituent quark mass (lower panels) at a typical temperature of T = 50 MeV and isospin chemical potential µ I = −30 MeV. The u quark condensate has a larger magnitude than the d quark condensate, resulting in a separate phase boundary at the chemical potential where the reduced quark condensate is 1/2. The different u and d quark condensates lead to their different constituent quark masses according to Eq. (2), resulting in a larger u quark than d quark mass.
The isospin splitting of the constituent quark mass is important in isospin dynamics of relativistic heavy-ion collisions. For instance, if u and d quarks are affected by the same potential, d quarks will propagate faster. Positive values of R IS lead to the enhancement of the isospin splitting of quark condensate as well as the constituent quark mass through the positive feedback mechanism, as can be seen from Eq. (2) The effect of the Polyakov loop on the phase diagram in the µ-T plane is displayed in Fig. 3 . As found in many other works [8, 9] , the critical point moves to a higher temperature and a slightly smaller quark chemical potential (µ = 347 MeV, T = 93 MeV) from the pNJL model at the isospin asymmetry δ = 0.198 without isovecter couplings, as exhibited in the left panels. The isospin effect on the QCD phase diagram with the Polyakov loop is still small in the quark system produced from Au+Au collisions. With isovector couplings at µ I = −30 MeV, the isospin splitting of the u and d quark chiral phase boundaries as well as their critical points is observed, qualitatively similar to the results from the NJL model. On the other hand, the temperatures of the critical points are also mostly increased in the pNJL model compared with those in Fig. 1 . The approximate phase boundary of deconfinement transition is plotted, which is always a crossover in the pNJL model and seems to be mostly independent of the isovector couplings. The region between the dashed line and the dash-dotted line was referred to as the quarkyonic phase in Refs. [8, [34] [35] [36] , while a latest study found that the chiral symmetry can be broken in quarkyonic matter in an inhomogeneous way, which is called the quarkyonic chiral spirals [37, 38] .
To summarize, the isospin effect on the QCD phase dia-
IV. QUARK MATTER SYMMETRY ENERGY
The symmetry energy in nucleonic system, denoting the energy difference between isospin asymmetric and symmetric nuclear matter, has been a hot topic so far [11] [12] [13] [14] [15] [16] [17] . Since the quark matter in relativistic heavyion collisions at RHIC-BES or FAIR-CBM energies as well as in compact stars is isospin asymmetric, the quark matter symmetry energy is also an important quantity affecting the EOS of the system. It has been shown that the quark matter symmetry energy is important in understanding the properties of quark stars and explaining the observed two-solar-mass compact stars based on a confined-isospin-density-dependent-mass model [39] . On the other hand, the importance of the quark matter symmetry energy is not restricted to the fact that it is a piece of the EOS of the system, but it is related to the isospin splitting of u and d quark constituent mass as well as their different potentials, with the latter splitting as ±G IV (ρ u − ρ d ) in isospin asymmetric quark matter, through respectively the scalar-isovector and the vectorisovector coupling. This is similar to the case of nuclear matter symmetry energy which is related to the isospin splitting of neutron and proton in-medium effective mass as well as their mean-field potentials [14, 40] .
Generally, the binding energy of quark matter consisting of u, d, and s quarks can be expanded in isospin asymmetry as
In the above, E 0 (ρ B , ρ s ) = E(ρ B , δ = 0, ρ s ) is the binding energy per baryon number in the 3-flavor quark matter with equal number of u and d quarks and net s quark number density ρ s , and ρ B = (ρ u + ρ d + ρ s )/3 is the net baryon number density. The quark matter symmetry energy E sym (ρ B , ρ s ), standing as the second-order coefficient in the expansion of the isospin asymmetry, is expressed by definition as
Note that the definition of the quark matter symmetry energy in the present study has been generalized to finitetemperature systems containing both quarks and antiquarks. Neglecting the contribution from higher-order terms in Eq. (22) for small δ, the quark matter symmetry energy can also be calculated approximately from
where δ = 0.05 is used in the calculation. One sees that E sym (ρ B , ρ s ) depends on both ρ B and ρ s , corresponding to the interplay between the isospin and the strangeness sectors. We begin the discussion with the quark matter symmetry energy E sym by comparing that from the NJL model and the pNJL model without isovector couplings, as displayed in Fig. 4 , with results from ρ s = 0 in the left panel and ρ s = ρ B in the right panel. At zero temperature when the pNJL model reduces to the NJL model, E sym increases monotonically with increasing ρ B , while at T = 200 MeV it first increases then slightly decreases with increasing ρ B . The density and temperature dependence of E sym are not so simple, but we found that there are always dramatic changes of the quantities near the chiral transition phase boundary. The quark matter symmetry energy is much enhanced in the pNJL model at T = 200 MeV, especially at lower densities, compared to that in the NJL model. The larger quark matter symmetry energy in the pNJL model than in the NJL model is mainly due to their different kinetic energy contributions, as a result of larger isospin splitting of u and d quark constituent masses as well as a more diffusive phase-space distribution function in the pNJL model. On the other hand, E sym is reduced in the presence of strange quarks for both NJL model and pNJL model, and the density is rescaled, i.e., the whole curve moves to the high-density side since in this case we have The quark matter symmetry energy for various isovector coupling constants from the 3-flavor NJL model with ρ s = ρ B is displayed in Fig. 5 . Qualitatively, E sym decreases with increasing constant of both the scalarisovector and vector-isovector couplings. It is seen that E sym is sensitive to the scalar-isovector coupling only at intermediate densities when the difference between the u and d quark condensate is large, and it exhibits a strong decrease for R IS = 0.14 when that difference is largest. In addition, E sym decreases linearly with increasing R IV . The sensitivity of E sym on the scalarisovector and vector-isovector couplings can be understood respectively from Eq. (12) that the first flavor summation overwhelms the G IS (σ u − σ d ) 2 term and the second flavor summation overwhelms the
term, based on some algebras. The temperature effect on E sym is larger at lower ρ B while smaller at higher ρ B . Figure 6 displays the quark matter symmetry energy from the 3-flavor pNJL model with ρ s = ρ B . Again, the dependence of the scalar-isovector and vector-isovector coupling on E sym is qualitatively similar to that from the NJL model. On the other hand, except for the case with a positive R IS , E sym is mostly enhanced in the pNJL model compared with that in the NJL model, especially at lower baryon densities.
To summarize, the vector-isovector coupling has the direct effect on the quark matter symmetry energy, while the scalar-isovector coupling has the secondary effect. This can be understood from Eq. (12) . The Polyakov loop mostly enhances the quark matter symmetry energy, compared with that from the NJL model, and this is mainly due to the different kinetic contributions.
We would also like to emphasize here that we take the scalar-isovector coupling G IS and the vector-isovector coupling G IV as the two sources of the quark matter symmetry energy, in addition to the naive kinetic contribution. On the other hand, G IS and G IV can lead to other isospin effects in addition to the quark matter symmetry energy, such as the u and d quark constituent mass splitting. Once we know the quark matter symmetry energy and some other microscopic properties of quark matter, we can have a global picture of quark interactions. This could be achieved by comparing results from transport model simulations using the NJL Lagrangian with available experimental data in the near future.
V. APPLICATIONS TO HYBRID STARS
The quark matter symmetry energy obtained above can be important in understanding properties of compact stars with quark degree of freedom. It has been shown [20] that the vector-isovector coupling has considerable effects on the EOS of strange quark star matter, a β-equilibrium and charge-neutral system containing u, d, and s quarks as well as leptons. Here we apply the present model to hybrid stars, with a quark core at high densities, a mixed phase of quarks and hadrons at moderate densities, and a hadronic phase at low densities. The possible appearance of hyperons is neglected and in this work we mainly focus on the quark matter effects on the properties of hybrid stars.
In the high-density quark phase, the system consists of a mixture of quarks (u, d, and s) and leptons (e and µ) at charge neutrality and β-equilibrium condition, i.e.,
and
with µ B and µ c being the baryon and charge chemical potential, and q i and b i being the charge and baryon number of particle species i, respectively. For quarks, the energy density (ε Q ) and the pressure (P Q ) can be obtained based on the NJL model from Eqs. (12) and (16), respectively. For leptons, we take both electrons and muons as free Fermi gas with their masses m e = 0 and m µ = 106 MeV, respectively, and their energy density and pressure can be expressed as
The total energy density and pressure of the high-density quark phase in hybrid stars including the contributions from both quarks and leptons are given by
In the low-density hadronic phase, an isospin-and momentum-dependent effective nuclear interaction is used to describe the β-equilibrium and charge-neutral neutron star matter, with the single-particle potential written as [41, 42] 
In the above, τ = 1(−1) for neutrons (protons) is the isospin index, ρ n and ρ p are number densities of neutrons and protons, respectively, the isospin asymmetry δ is defined as δ = (ρ n − ρ p )/ρ, with ρ = ρ n + ρ p being the total number density, and f τ ( r, p) is the nucleon phase-space distribution function. The seven parameters (A l , A u , B, C l , C u , Λ, σ) are fitted by empirical constraints of nuclear matter properties at the saturation density, and their detailed values can be found in Ref. [42] . In the present study we set x = 0 corresponding to a moderately stiff nuclear matter symmetry energy. The chemical potential of neutrons and protons can be calculated from
with m the nucleon mass and p F τ = (3π 2 ρ τ ) 1/3 the Fermi momentum. The total energy density and pressure of the low-density hadronic phase in hybrid stars including the contributions from both nucleons and leptons are given by
where the detailed expressions for the energy density ε H and pressure P H of nuclear matter can be found in Ref. [46] . At moderate densities of hybrid stars, the Gibbs construction method [43, 44] is applied to construct the hadron-quark mixed phase, with the β-equilibrium, the baryon number conservation, and the charge neutrality conditions respectively expressed as
where Y is the baryon number fraction of the quark phase. The total energy density and pressure of the mixed phase are calculated according to
The core-crust transition density as well as the crust EOS in hybrid stars are also treated properly according to Refs. [45, 46] . The whole EOS from low to high densities is used to study the mass-radius relation of hybrid stars through the Tolman-Oppenheimer-Volkoff (TOV) equations [47] . Technical details of the study can be found in Ref. [48] except that the quark matter is now described by the 3-flavor NJL model.
As described above, compact stars are different systems compared with heavy-ion collisions. The latter has a short lift time, a higher temperature, and zero net strangeness, while the former is a stable cold system with particle species determined from the β-equilibrium and charge neutrality condition. Investigating the two systems could be helpful in understanding the quark interaction from different points of view.
Before discussing the EOS, we first display the particle fractions in hybrid stars in the whole density range in Fig. 7 . With various isovector coupling strength, the . For negative isovector coupling constants, quarks of different flavors appear at almost the same density, similar to the case without isovector coupling, as a result of negative isospin feedback mechanism discussed in Sec. III. It is also observed that quarks generally appear at higher densities for negative isovector coupling constants compared with positive ones. The density dependence of the isospin chemical potential µ I and the isospin asymmetry δ in hybrid stars is illustrated in Fig. 8 , where µ I turns out to be half of the charge chemical potential µ c , and the isospin asymmetry in the mixed phase is calculated from [32] 
with ρ B defined by Eq. (36) . It is seen that the isospin chemical potential drops to as low as -115 MeV in the hadronic phase, while it begins to increase when quarks appear. Although the isospin chemical potential is small in pure quark phase, it can still be large in the mixed phase. For the isospin asymmetry, it is close to 1 at lower densities, but keeps on decreasing with increasing baryon density. One sees from Fig. 8 that the quark system with large isospin chemical potentials or isospin asymmetries can exist in the mixed phase of hybrid stars. This is the existing system with the largest isospin chemical potential we know so far, but with zero temperature and finite Figure 9 displays the EOS and the mass-radius relation for the corresponding hybrid stars from various isovector coupling constants used in Fig. 7 , and the result from pure hadronic phase is also shown for comparison. Interestingly, we observe a spinodal behavior in the EOS from R IS = 0.14 in the hadron-quark mixed phase, as shown in the inset, exhibiting that the corresponding hybrid star is unstable. This can be understood from Fig. 5 where a positive scalar-isovector coupling leads to a significant decrease of the quark matter symmetry energy at intermediate densities. Although not shown here, we observe that the result from a negative R IS is almost the same as that without isovector coupling. A negative R IV leads to the later appearance of quarks and thus a stiffer EOS at intermediate densities as shown in the inset, although at higher densities a positive R IV somehow leads to a larger pressure. As a result, a negative vector-isovector coupling gives the largest maximum mass of hybrid stars (approximately 1.8 solar mass), which is still smaller than that of the observed massive compact stars.
VI. POSSIBLE EFFECTS FROM BREAKING THE STRANGENESS SECTOR
Since introducing the isovector coupling in the 3-flavor NJL model more breaks the strangeness SU(3) symmetry than the isospin SU(2) symmetry, here we briefly discuss the possible effects on the isospin properties of quark matter discussed in the previous sections if we further introduce the scalar-strangeness and vector-strangeness couplings in the NJL Lagrangian
where G SS and G SV are the corresponding coupling constants. As a consequence, the constituent mass, effective chemical potential, thermodynamic potential, and energy density for the 3-flavor NJL model are modified to
with s i = 1 for u and d quarks and s i = −2 for s quarks. Employing a fixed isospin chemical potential µ I = −30 MeV and G IS = G IV = 0, we display in Fig. 10 the phase diagram for various strangeness coupling constants with ρ s = 0 and ρ s = ρ B from the 3-flavor NJL model. Again we introduce R SS = G SS /G S and R SV = G SV /G S as the reduced scalar-strangeness and vector-strangeness coupling strength, and they are treated as free parameters. As σ s is much larger than σ u or σ d near the chiral phase boundary, the constituent quark mass is mostly negative for a positive R SS , which is not shown here. On the other hand, for a negative R SS the chiral phase transition at µ = 0 happens at a higher temperature, compared to the case without strangeness coupling. With finite net strange quark density ρ s = ρ B , it is seen that generally the chiral phase boundary moves to the small-µ side, and the isospin splitting of the chiral phase boundaries for u and d quarks is also slightly reduced, compared to the case with ρ s = 0, as a result of the interplay between the isospin and strangeness sectors. Again, the isospin splittings are more considerable from the scalarstrangeness coupling than from the vector-strangeness coupling, consistent with our findings in the previous sections. Generally, the critical point barely exists for a negative strangeness coupling constant, while a positive vector-strangeness coupling constant favors the existence of the critical point. We have also studied the effects of the strangeness coupling on the quark matter symmetry energy, which are displayed in Fig. 11 . The vector-strangeness coupling has no effect on the quark matter symmetry energy, since the (ρ u + ρ d − 2ρ s ) 2 term is independent of the isospin asymmetry δ. Although the scalar-strangeness coupling has no direct contribution to the potential part of the symmetry energy, it modifies the isospin splitting of u and d quark constituent mass and reduces the quark matter symmetry energy by affecting the kinetic part. Again, the symmetry energy is reduced in the presence of strange quarks as found in Sec. IV. The EOS of isospin asymmetric quark matter is related to the quark matter symmetry energy, and it is found that the vector-strangeness coupling has little effect on the hybrid star results discussed above while the scalar-strangeness coupling slightly reduces the maximum mass of hybrid stars.
VII. CONCLUSIONS AND OUTLOOK
In this work, we have studied the properties of isospin asymmetric quark matter based on the 3-flavor NambuJona-Lasinio model as well as its Polyakov-loop extension with scalar-isovector and vector-isovector couplings. Although the isospin effect on the phase diagram has been found small with the isospin asymmetry reached in high-energy heavy-ion collisions, considerable isospin effect is observed at a fixed isospin chemical potential µ I = −30 MeV, which can not be reached in heavy-ion experiments so far. The separation of the u and d quark chiral phase transition is observed with positive isovector coupling constants but is suppressed with negative ones. The quark matter symmetry energy is shown to decrease with increasing isovector coupling constant, and is mostly enhanced with Polyakov-loop extension. We found that the isospin splittings of quark condensate, constituent quark mass, and chiral phase transition as well as the critical point are more sensitive to the scalar-isovector coupling, while the quark matter symmetry energy is more sensitive to the vector-isovector coupling. A positive scalar-isovector coupling constant can lead to an unstable isospin asymmetric quark matter and hybrid star matter. The particle fraction as well as the equation of state in hybrid stars depends on the isovector couplings as well. Possible effects on the above results from further breaking of the strangeness sector among the flavor symmetry have also been discussed.
At RHIC-BES or FAIR-CBM energies, the isospin splitting of final hadron observables is expected to be sensitive to the isospin dynamics of the produced quark matter. In the spirit of Ref. [49] , by comparing the experimental results of such splitting with those from transport model simulations based on the NJL Lagrangian used in the present work, one can in principle extract useful information of the isospin dependence of the QCD phase diagram and constrain the quark matter symmetry energy. In addition, the method of calculating the QCD phase diagram used in the present study is valid only for small isospin chemical potentials (|µ I | < m π /2). To explore the whole 3-dimensional QCD phase diagram at larger isospin chemical potentials, one needs to introduce an additional order parameter of pion condensate [50] [51] [52] [53] [54] . Such studies will be carried out in the future.
